We review important aspects of QCD in the continuum and on the lattice and take a look at the fate of its symmetries with an emphasis on chiral symmetry breaking on the lattice.
Introduction
Like any relativistic quantum field theory, QCD enjoys Poincaré symmetry including the discrete symmetries charge conjugation C, parity P and time reversal T , each of which is realized. Apart from these space-time symmetries, it also has internal symmetries. Since QCD is an SU (3) gauge theory, it has local SU (3) gauge or color symmetry.
Due to their spin we can assign a handedness or helicity to fermions. Their fields can be decomposed into left-and right-handed components. The mass of fermions couples these components, it breaks chiral symmetry. For massless quarks the QCD-Lagrangian does not have an interaction term between the two quark chiralities, a coupling term like the Nambu-Jona-Lasinio model, breaking chiral symmetry explicitly. Due to the missing interaction term, left-and right-handed fermions can be transformed independently without modifying the Lagrangian.
Up to mass differences of a few percent hadrons can be grouped in multiplets with the same isosopin I reflecting an approximate SU (2) I isospin symmetry of the Lagrangian. The corresponding isospin transformations act on left-and right-handed fermions simultaneously, i.e., SU (2) I = SU (2) L=R . The SU (3) F = SU (3) L=R flavor symmetry is violated more strongly as seen in the octet of pseudo-scalar mesons. The axial vector symmetry SU (N f ) A = SU (N f ) L=R † the chiral symmetry, on the other hand, is not manifest in the spectrum at all. The experimental evidence for the absence the SU (N f ) A symmetry is twofold. Axial transformations mix states with different parity. But in the low-lying hadron spectrum one does not observe the corresponding mass-degenerate parity doublets, states with the same quantum numbers, besides parity. The second indication is the above mentioned appearance of (nearly) massless Goldstone bosons. As soon as the chiral symmetry is dynamically broken at low momenta, then necessarily appear Goldstone bosons. We conclude that in massless QCD chiral symmetry is "spontaneously" or "dynamically" broken, it is realized in the Nambu-Goldstone mode, the Lagrangian is chiral symmetric but the vacuum is not.
Despite the absence of interaction terms between left-and right-handed fermions, quarks and anti-quarks are bound in pions to spin-zero states of negative parity. Besides the very light pions π + , π 0 , and π − one observes somewhat heavier pseudo-scalars, the four kaons K + , K − , K 0 , K 0 and the η-meson. According to Goldstone's theorem, the number of massless bosons is given by the difference of the number of generators of the full symmetry group G and the subgroup H that remains unbroken. In massless QCD the full chiral symmetry group is
while the unbroken subgroup is the flavor symmetry
Hence, in this case one expects N 2 f −1 massless Goldstone bosons. For N f = 2 there is the isovector triplet of pions with m π ≈ 140 MeV indicating that in the groundstate of QCD the axial vector symmetry is broken, while for N f = 3 there are eight Goldstone bosons -the pions, the kaons, and the η-meson. In nature these particles are not exactly massless, because chiral symmetry is explicitly broken by the quark masses. The masses of the up and down quarks are much smaller than the QCD scale Λ M S ≈ 300 MeV (N f = 3), which leads to the very small pion mass. The mass of the strange quark, on the other hand, is of the order of Λ M S , thus leading to larger masses of the kaons and the η-meson. Still, their masses are small enough to identify these particles as pseudo-Goldstone bosons. In the classical massless theory for N f massless flavors there would be an independent U (N f ) symmetry associated with each chirality which can be combined to vector and axial vector symmetries U (N f ) V × U (N f ) A , see Sect. 2. Sect. 3 explains why this full symmetry does not survive quantization, being broken to the above mentioned SU (N f ) V × SU (N f ) A × U (1) B . For finite quark masses of these chiral symmetries, only the baryon number symmetry U (1) B is exact.
Due to the dimensionless coupling constant g classical QCD is approximately scale invariant, x µ → λx µ , for small quark masses. Like U (1) A this classical symmetry is broken by quantum fluctuations, the scale symmetry is anomalous, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] .
Continuum formulation
We work in four-dimensional Euclidean space-time with coordinates x ≡ x µ = ( x, x 4 ), with µ = 1 . . . 3 spatial and one temporal direction µ = 4. Gluon fields we describe by Hermitian non-Abelian su(N c ) vector fields
where we include in analogy to the lattice formulation the gauge coupling g in the definition. The index a of the real-valued field components A a µ (x) runs over the N 2 c − 1 gauge field components in the color direction of the Hermitian traceless generators T a of the su(N c ) algebra obeying where Tr C indicates the trace over the color matrices in the fundamental representation. Whereas the gauge field transforms under color transformations Ω(x) ∈ SU (N c ) as a connection
the algebra-valued field strength
transforms as a tensor
and guarantees the gauge invariance of the Euclidean Yang-Mills action
Due to the gauge freedom (2.3) a perturbative vacuum F µν ≡ 0 does not necessarily mean a vanishing vector field A µ . By gauge transformations (2.3) a vector field A µ ≡ 0 may be transformed to A µ (x) = 0. Moreover, gauge functions Ω(x) defined on a three-dimensional subspace of R 4 , isomorphic to S 3 , may have a winding number defined by the map SU (2) → S 3
The QCD-vacua are therefore characterized by an integer winding number. Transitions between neighboring winding numbers contribute to the topological charge
of a field configuration. Configurations, spherical symmetric in R 4 , with Q = 1 and minimal action are instantons.
The gluon field mediates the interaction between N f quarks. In the path integral formulation of QCD fermions are represented by Grassmann fields. ψ(x) and ψ (x) have independent generators of the Grassmann algebra for every x, flavor f , color c and Dirac component i. The Euclidean Dirac matrices γ µ relate the four Dirac components, e.g., ψ = ψ † γ 4 . Gauge transformations act with Ω(x) ∈ SU (N c ) on the color indices c in the fundamental representations {N c } and
With ψ(x) and ψ(x) we indicate column and row vectors with 4 × N c components running over the Dirac and color components. In Ψ(x) and Ψ(x) we include even all flavor components. For massless quarks the fermionic action is defined by 10) which is gauge invariant by construction. We will use Euclidean Dirac matrices which are Hermitian and obey the anti-commutation relations
A convenient choice of the Hermitian matrices is the Weyl-or chiral representation
where σ are the Pauli matrices. The chiral projectors
map to the eigenvalues ±1 of γ 5 . Quark fields can therefore be decomposed into left-and right-handed components
This decomposition and the properties of the projection operators (2.13) allow to split the fermionic part (2.10) of the action in the form
This is the important "classical" result: the action for massless fermions decouples into two independent contributions from left-and right-handed quarks. There is no interaction term. As a result, the action of massless QCD is invariant against independent left-and right-handed transformations
Quantum effects, the U (1) A or axial anomaly, break the U (1) A symmetry of the classical action of massless QCD, see Sect. 3. From the remaining symmetries, the vector symmetry U (1) B = U (1) V describes the baryon number conservation. The mass matrix
acts on the flavor indices of the fermionic fields and allows to write the mass term of the action in a compact form
This term couples left-and right-handed fermions and therefore violates SU (N f ) A , the chiral symmetry. For different quark masses the vector symmetry SU (N f ) V breaks down to
and every quark number is separately conserved. The comparison to the experiment shows that the bare quark masses m u and m d have only a few MeV, much smaller than Λ M S , and m s is of the order Λ M S . Therefore, SU (2) V is broken only slightly and "the eightfold way" SU (3) V more strongly. In the limit of massless u-, d-and even s-quarks the total action of QCD
is symmetric against chiral SU (2) A resp. SU (3) A transformations. But, in the case of spontaneous breaking of chiral symmetry the ground state of the theory does not respect this symmetry, even for S M [Ψ, Ψ] = 0.
We should mention that for massless quarks there is only one parameter in the QCD-Lagrangian, the unit g of the color charge which after renormalization turns out to be a function of the momentum transfer. There is no theoretical prediction yet explaining the values of the quark masses. Only theories beyond the standard model let us hope for an answer to this question. Quantization of the theory with the path integral 22) produces infinities as long as the theory is not regularized and renormalized. A very successful perturbative regularization is dimensional regularization. Here we focus on the lattice regularization which defines QCD beyond perturbation theory. Before discussing the lattice formulation we would like to repeat important results concerning the fermionic fields, mainly in the limit of vanishing quark masses. The fermion fields enter the QCD-action in S F and S M bilinearly. This allows to use the integration formula for Grassmann variables [11] 
where we used the matrix notation 
The Axial Anomaly and the Atiyah-Singer index theorem
We now come back to the U (1) A -anomaly, shortly mentioned after Eq. (2.17), in a fixed gauge background. With the decomposition (2.15) of the massless fermionic action and the anti-commutation relation (2.11) one can easily see, that S F is invariant against the L = R † ∈ U (1) axial transformations
Surprisingly, as Fujikawa [12] has shown, due to the infinite number of degrees of freedom in the continuum the fermionic path integral measure is not invariant under γ 5 -transformations with an infinitesimal global phase θ and gives rise to an extra gluon configuration dependent phase factor
For constant θ and N f flavors this results in [12, 13] 
This is the famous U A (1)-or axial anomaly. For the derivation [12, 13] of Eq. (3.2) Fujikawa used the massless Dirac operator, see Eq. (2.10). In our notation with Hermitian Dirac matrices (2.12) 
The anti-commutation property
implicates that the vectors γ 5 |λ are eigenvectors to the complex conjugate eigenvalues λ = −λ
Therefore, the eigenvalues appear in complex conjugate pairs λ and −λ or are zero. Restricted to the space with λ = 0 we can read Eq. 
and their numbers n + and n − can be counted. Further we realize: Since eigenvectors to different eigenvalues are orthogonal
the complex conjugate pairs do not contribute to the expectation value of the γ 5 operator. Therefore, only zero modes contribute to this expectation value 
and therefore the transformation (3.1) of the path integral measure (3.3) reads
The minus sign in the exponent of Eq. (3.12) takes into account that the measure has to transform inverse to the fields in the integrand. Inserting Eqs. (3.10) and (3.9) we get
The comparison with the gluonic evaluation (3.3), presented in Refs. [12, 13] , leads to the result
It relates a fermionic property, the numbers of zero modes to a gluonic quantity, the topological charge
, an integer number counting the vacuum to vacuum transitions of a continuous gauge field, defined in Eq. (2.8). The Dirac operator is a function of the gauge field and reflects this topological field property in the number of zero modes, as Atiyah and Singer proved [14] in a more general mathematical framework. Eq. (3.14) results therefore from an application of the Atiyah-Singer index theorem. It allows to determine the "analytical" index
of the Dirac operator via a property of the gauge field and vice versa.
Lattice formulation
There are many good textbooks on the lattice formulation of QCD [11, [15] [16] [17] [18] . We do not repeat the arguments leading to various lattice formulations of the gluonic and the fermionic Lagrangian. We use standard notations for lattice spacing a, spatial and temporal extent N s and N t of the lattice, inverse temperature β = aN t = 1/T , with the usual choice of natural units k B = 1. The limit β → ∞ corresponds to T → 0 and the continuum limit corresponds to a → 0 while keeping aN s and aN t fixed. Here, we will concentrate on questions concerning the chiral properties, which are governed by the γ-matrices, as mentioned in Sect. 2. The lattice formulation of the fermionic action suffered for a long time from the fermion doubling problem, from further poles in the propagator around momentum components ±π/a. A well-known fermion formulation on a four-dimensional Euclidean hypercubic lattice with sites x and lattice constant a, which removes these doubler modes, is an action originally suggested by Wilson [19] 
where the vectorsμ connect nearest neighbors in
is the parallel transporter from x to x +μ. It guarantees gauge invariance. The term proportional to γ µ , the Dirac matrix 
and to the lattice constant a and vanish therefore in the limit a → 0. This momentum dependent "− a 2 ∆ L " term in Eq. (4.1), the Wilson term, increases effectively the mass m of the doublers by 2/a for each momentum component around p µ = π/a, suppressing therefore the influence of the the doubler modes. But, like the m-dependent mass term, the Wilson term contains no factor γ µ and therefore violates chiral symmetry; a violation which vanishes in the continuum limit only. The fermion doubling problem inhibited for a long time the treatment of dynamical fermions on the lattice. The problem was condensed in a No-go theorem by Nielsen and Ninomiya [20] . Since the solution of the doubling problem is tightly connected to the anomaly and to chiral symmetry breaking we are now going to discuss in more detail, how fermions can be formulated on the lattice with continuous chiral symmetry and without species doubling.
As mentioned in the paragraph before Eq. (2.9) we formulate fermions with elements of a complex Grassmann algebra for every x, flavor f , color c and Dirac component i. On the lattice the number of degrees of freedom is finite and therefore the fermionic measure on the lattice is obviously invariant under a global chiral transformation (3.1). Since the lattice should reproduce up to order a effects the same spectrum as the continuum theory there must be a mechanism in the lattice formulation breaking the U A (1)-symmetry. A fermion formulation on the lattice with the requested property was suggested by Neuberger [21] [22] [23] . For his "overlap" fermions the chiral transformation (3.1) is modified to [24] Ψ = exp{iθγ
where a is the lattice constant and D is an appropriately chosen modification of the naive lattice Dirac matrix D L . Looking carefully at the requested invariance
we realize that the invariance (4.4) of D L has to be relaxed to
This invariance can be applied to every factor in the power series of the exponential in Eq. (4.5),
] n , and warrants the invariance (4.6) of the Lagrangian. Eq. (4.7) is the celebrated Ginsparg-Wilson relation [25] which had remained unnoticed [26] for a long time. The term aDγ 5 D in Eq. (4.7) breaks the γ 5 -symmetry (4.4) explicitly, D γ 5 + γ 5 D = 0. It is a term of the order a which vanishes in the continuum limit. This leads to the interesting interpretation that the fermion doubling problem and the famous Nielsen-Ninomiya No-go theorem [20] -there are no lattice fermions without species doubling and with continuous chiral symmetry -is a manifestation of the anomaly in the flavor singlet axial current [27] .
We want to emphasize that, as shown by Lüscher in Ref. [24] , for actions fulfilling the Ginsparg-Wilson relation [25] the transformation (4.5) defines the symmetry (4.6), which is exact at any given lattice spacing a. For a → 0 this symmetry converges to the continuum chiral symmetry.
There is another request, the Dirac matrix D has to fulfill, γ 5 -Hermiticity (4.10), which we are now going to discuss. D describes the interaction between gluon fields U and quark fields Ψ. D is a functional of the gauge field
To simplify the notation further on we do not write this functional dependence explicitly. In the path integral over the Grassmann valued fermion fields Ψ for given gauge configuration [U ] and mass matrix M, see Eq. (2.18), we can use the bilinearity of the fermionic action in Ψ and Eq. (2.24) and generate the fermionic determinant det (D + M), a functional of the gauge field. This determinant contains a summation over all possible closed paths of quarks moving under the influence of the gauge field. To describe the reaction of the fermions on the gauge field one tries to take the fermionic determinant as a weight factor in the probability distribution defined by the Euclidean path integral. This is only possible if the fermionic determinant is real and positive
Due to M † (2.18) = M the postulate of the reality of the Dirac matrix can be respected by the
a request, analog to the property (3.8) in the continuum, and fulfilled by almost all fermionic actions. It describes that the chiral partners of fermions with opposite color charge feel the same gauge field. Attributing to pairs of quarks, like u and d-quarks, the same bare mass m, the product of the corresponding two fermionic determinants gives the necessary non-negative weight factor. The conditions (4.7) and (4.10) for D, for a "γ 5 -Hermitian Ginsparg-Wilson-Dirac operator", lead to important consequences which we can read from
From these two equation we read that D and D † are commuting. This is the definition for D to be a normal operator. The fermionic matrix D can therefore be represented by an orthonormal set of eigenvectors |λ and their eigenvalues λ
We would like to emphasize that |λ are row vectors and Ψ λ column vectors of complex numbers for every lattice site x, flavor f , color c and Dirac component i. 
Thus, the eigenvalues are either real or they appear in complex conjugate pairs λ, λ with eigenfunctions |λ and |λ = γ 5 |λ . From Eq. (4.11) we get further interesting properties of the eigenvalues: If we insert the two eigenvalue equations (4.12) and (4.13) into Eq. (4.11) we get
14)
The polar representation λ = |λ| e iα shows a nice application of Thales' theorem parts for 1/λ which we will use in Eq. (6.16) in Sect. 6
The eigenvectors |λ and |λ are orthogonal since they belong to different eigenvalues λ = λ λ| γ 5 |λ This equation tells us also that the expectation value of γ 5 in the state |λ is vanishing, if λ is not real.
The eigenvectors to the real eigenvalues λ are not paired. Further, they have the important property of good chirality, as can be easily seen: From the right equation in (4.13) we read for real λ = λ r ∈ {0, In lattice simulations one of the numbers n + and n − is always zero for usual anti-periodic boundary conditions. All zero modes have the same chirality. According to the vanishing trace (4.20) each zero mode with given chirality needs a chiral partner with opposite chirality. Such states are available only at λ = 2 a . In the continuum limit a → 0 these "doubler modes" are sent to infinite eigenvalues.
Due to the orthogonality (4.17) only zero-and doubler-modes contribute to Eq. (4.20), with ±1. We remove also the contributions of the doublers by multiplying the summands in Eq. (4.20) with the factor aλ/2 − 1 and get (aλ/2 − 1) λ| γ 5 |λ = λ| (aD/2 − 1) γ 5 |λ . Now only the zero modes contribute, with − λ| γ 5 |λ . This allows to count the difference between the zero modes of different chirality, the "analytical" index (3.15)
This index has also appeared in the fermionic measure, in the axial anomaly in the continuum, in Sect. 3.
The Axial Anomaly on the lattice
On the lattice the measure is invariant under the modified chiral transformation (4.5), due to the finite number of integrations. But the result of the Grassmann integrations (2.23), the determinant of the fermionic matrix D is not invariant. We get from Eq. (4.6)
As we will see immediately below, the determinant is modified by the square of the determinant of the transformation matrix T . In the eigenbasis |λ of D one can easily see that the determinant of T gets the exponential of the logarithm of the trace
With Tr ln T = −iθTr[ 
Up to the sign in the phase this is the same result as Fujikawa got in the continuum. The different sign reflects the fact that on the lattice we transform the fermionic matrix D (5.1) which transforms inverse to the fermionic measure (3.13). The comparison to the gluonic evaluation, which is not done here, leads again to a relation between the analytical index Q f , a property of the Dirac matrix, and a gluonic property, the topological charge
This relation between the analytical and the topological index was announced in 1963 by Michael Atiyah and Isadore Singer for elliptic differential operators on compact manifolds [28] . They published various generalizations in a sequence of papers from 1968 to 1971 [14] . On the lattice, the theorem applies to any action that satisfies the Ginsparg-Wilson relation, including the Neuberger overlap action, however, it does not necessarily hold for non-Ginsparg-Wilson actions.
Chiral condensate on the lattice
The chiral U (1) A -transformation (4.5) acts on all fermions symmetrically. In Sect. 5 it turned out that this symmetry is anomalous, it is broken by the fermionic integration. This anomaly has an experimental consequence, it prevents the η -meson with 957.8 MeV to be a Goldstone boson. Pions, with 135.0 and 139.6 MeV are much lighter then expected from their quark content. Also Kaons with 493.7 and 497.6 MeV and the η-meson with 547.9 MeV have a mass smaller then two thirds of the mass of baryons in the lowest octet. We can therefore expect that the chiral limit with N f = 2 is a very good approximation and N f = 3 is still good. In the approximation of massless quarks we can generalize
do not lead to new anomalies since the SU (N f )-generators T a are traceless. For a proof we evaluate in analogy to the discussion in Sect. 5 the square of the determinant of the transformation matrix 
and get no contribution from the determinant due the assumed flavor symmetry of the fermionic matrix D.
To receive this result we perform in the trace Tr, running over lattice sites x, color c, Dirac i and flavor f indices, the flavor trace first and use the vanishing trace of the SU (N f )-generators. Even for vanishing quark masses the chiral vector symmetry (6.1) may be broken, left-and right-handed fermions may be coupled by the dynamics of QCD. To adjust the fermion formulation in analogy to the continuum to the modified chiral transformation (6.1) we have to decompose the mass term (2.19) and the kinetic term (2.15) of the Lagrangian on the lattice using the Ginsparg-Wilson relation (4.7). The decomposition of the mass term seems to go as usual. For the kinetic term we have to use a modification of the projection operators (2.13). Very helpful for this aim is the relation
which allows to define the modified projection operators (2.13)
For the decomposition of the fermionic matrix D we use another way of writing the Ginsparg-Wilson relation (4.7) and get the asymmetric relations
We apply therefore different projectors for Ψ and Ψ
and arrive at a decomposition of the fermionic matrix in analogy to the continuum
The asymmetric definition (6.7) of the projected wave functions has consequences for the mass term (2.19).
If we define this term on the lattice with the projected components
we get an additional term leading via the fermionic matrix D to an additional coupling of neighboring lattice sites. We combine this mass term with the kinetic term and get the total fermionic action of Ginsparg-Wilson fermions
As mentioned before, Ψ is a column vector and Ψ a row vector containing Grassmann variables for every lattice site x, flavor f , color c and Dirac component i. For the further calculations it is important that the mass matrix M is block diagonal in the flavor quantum number f . Below, we need especially the submatrix D u for the lightest quark flavor u with mass m and the submatrix
If chiral symmetry would be intact left-and right-handed quarks could be transformed independently and there would be no coupling between left-and right-handed quarks, a coupling as it appears in the mass term (6.9) . If the invariance is lost, we call the symmetry broken and define an order parameter for the breaking of chiral symmetry, the "quark condensate" Σ. For its definition (6.20) we use the scalar expectation value Σ(a, m, V L ) :
of the bilinearū(x)u(x) with a form indicated by the mass term (6.9) for the lightest Grassmann valued quark field u(x) in the infinite volume V = a 4 V L , vanishing u-quark mass m and continuum a → 0 limit. The fermionic bilinearū 1 − a 2 D u u includes besides sums over Dirac indices i and color indices c also a sum over lattice sites x, therefore we divide in Eq. (6.12) by the physical volume V . The brackets in Eq. (6.12) indicate the gluonic and fermionic path integrals. According to Eq. (2.23) the Grassmann integration over the fermionic bilinear leads to a subdeterminant, where one row and one column, corresponding to the components of u(x) andū(x), of the fermionic matrix are removed. Consequently, the subdeterminants for flavors f = u are unaffected and only the subdeterminant of the u-quarks has to be treated in detail. From linear algebra we know that a matrix element of the inverse matrix is just such a subdeterminant divided by the determinant. Taking all this into account we get
The sign change from Eq. 
The study of the dependence of Σ(a, m, V L ) on the volume V , the quark mass m and the lattice constant a will be discussed in Sect. 7. Here we describe the analytic evaluation of the path integral (6.12) for given a in the V → ∞ and m → 0, the "chiral" limit. In the m → 0 limit of Eq. (6.12) we find a nice interpretation of the factor 1 − a 2 D characteristic for Ginsparg-Wilson fermions, which appeared in the chiral transformation (6.1) and in the mass term (6.9)
We recognize that in the m → 0 limit the factor 1 − a 2 D u removes the real part of the eigenvalues 1/λ of 1/D u . Further we realize that for the evaluation of the trace in Eqs. (6.13) and (6.15) we should treat the eigenvectors for λ = 0 separately. For the "operator" in expression (6.13) we get
where n + and n − are the numbers of right-handed and left-handed zero modes and ϕ λ is the angle ϕ of Fig. 1 related to the complex eigenvalue λ on the Ginsparg-Wilson circle with positive or negative imaginary part. Extending in Eq. (6.16) the summation over all non-real eigenvalues λ = λ we want to indicate also that the doublers with λ = 2/a do not contribute to the trace. Due to the factor 1/V in Eq. (6.13) also the zero modes do not contribute in the V → ∞ limit since their number n + + n − does not grow faster than (6.18) Approaching the sum over λ in Eq. (6.16) by an integral over a density function ρ λ we can formally perform an integral over the delta-function. Due to the distribution of eigenvalues on the Ginsparg-Wilson circle we expect for given m a density function ρ λ (ϕ, m) to be approximately independent of a and the number of eigenvalues to increase with V L . Including the gluonic average and the remaining factor a −4 of Eq. (6.13) we define therefore
Combining Eq. (6.18) with Eq. (6.19) we define the chiral condensate
This result is the famous Banks-Casher relation [29] .
To break a symmetry spontaneously requires an infinite system, the limit of the number V L of lattice points going to infinity. Like in other cases of spontaneous symmetry breaking the V → ∞, the "thermodynamic" limit, cannot be interchanged with the removal of the explicit symmetry breaking term, in our case the m → 0 "chiral" limit. The results of numerical calculations should be independent of the order of the other limits.
In lattice calculations the Banks-Casher relation is an optimal tool to determine the value of the chiral condensate from the density of near-zero modes of the Dirac operator. If this density is non-vanishing then the chiral symmetry is broken. It is interesting to know the value of the condensate for various gluonic coupling constants, quark masses, baryonic densities and temperatures.
For completeness we should mention that the chiral condensate has not only been obtained using the Banks-Casher relation but also from the Gell-Mann-Oakes-Renner relation and using the Wilson flow. Finally, the eigenvalue distribution of the Dirac operator can also be obtained through the application of (chiral) Random Matrix Theory to QCD, where the detailed dependence of the partition function and Dirac operator eigenvalue correlation functions on finite lattice spacing a or chemical potential µ are computed. For an excellent review and recent developments see [30] and references therein.
7.
Numerical evidence for chiral symmetry breaking
The chiral condensate Σ varies under chiral transformations and serves therefore as a convenient order parameter of chiral symmetry breaking. Chiral symmetry breaking is a non-perturbative phenomenon and can be analyzed on the lattice and in chiral perturbation theory (χPT). As proposed in Ref. [31] an efficient method to determine the value of Σ in lattice calculations is based on the Banks-Casher relation (6.20), see Ref. [29] . It uses the condensation of low modes of the Dirac operator near the origin. In any numerical determination of a quantity the results of a computation need an extrapolation to certain limits, in this case the limits indicated in Eq. (6.20) . The functional dependence on the extrapolation parameters can be derived within the extended framework of χPT [32, 33] and the Gell-Mann-Oakes-Renner (GMOR) relation [34] 
According to this relation the derivative of M 2 π F 2 π /2 with respect to the quark mass m in the chiral limit must be equal to this condensation rate. M π and F π are here the mass and the decay rate of the NambuGoldstone bosons. We use the convention 
3)
It is quite understandable that in the Λ-region around zero ν(Λ, m) is proportional to V L . For the free case one can derive ν(Λ, m) ∝ V L Λ 4 , from Eq. (7.3) one is getting ρ λ (ϕ) ∝ ϕ 3 and therefore a vanishing condensate (6.20) . In contrast to this result the numerical calculations show that in the chirally broken phase ν of Eq. (7.3) grows proportional to Λ ν(Λ, m)
where the symmetry of the integration region [−aΛ, aΛ] explains the factor 2 . Recently, the mode number ν(Λ, m) for two light quark flavors has been computed for the tree-level Symanzik improved gluon action and the Wilson twisted mass fermion action by Refs. [35, 36] and for the standard Wilson gluonic action and the non-perturbatively O(a)-improved Wilson fermion action [37] by Refs. [38] [39] [40] . As an example for the determination of the chiral condensate on the lattice we follow the discussion in Ref. [40] .
The mode number ν(Λ, m) of Eq. .3) gives the so called "bare chiral condensate" at a given lattice constant a only. As QCD is a renormalizable theory the "physical" value of the chiral condensate depends on the regularization scheme and can be converted to other schemes by the appropriate renormalization factors Z. As proven in Ref. [31] the rate of condensation is renormalizable and unambiguously defined after renormalization of the bare action parameters. Therefore, the following results, see also Refs. [31, [38] [39] [40] [41] , can be computed using the (improved) Wilson formulation of lattice QCD even though the latter violates chiral symmetry at energies on the order of the inverse lattice spacing. We conclude that the mode number ν is a renormalization group invariant quantity
The renormalized chiral condensate Σ R can be deduced from the discretized derivative of Eq. (7.4), by the "effective spectral density"
The left diagram in Fig. 2 depicts the result of the determination of the mode number for nine values of Λ R for given lattice constant a and two light fermions of mass m R = 12.9 MeV (m R /m MS s ≈ 0.126 according to Eq. (7.9) of Ref. [42] ) on a 64 3 x128 lattice. The renormalized values are given in the MS-scheme at the renormalization scale µ = 2 GeV. As the quadratic fit to the data ν R = −9.0(13) + 2.07(7)Λ R /MeV + 0.0022(4)(Λ R /MeV) 2 shows, the main contribution to ν R is linear in Λ R while the constant and quadratic term are in the investigated region of the order of 10%. This agrees with the expectation from the BanksCasher relation. Right: The pion mass squared versus the RGI quark mass, both normalized to 4πF which is roughly 1 GeV. The ratio (M 2 π /2mF ) 1/3 is extrapolated to the continuum. The central line is the GMOR contribution to the pion mass squared computed by taking the direct measure of the condensate from the spectral density. The upper and lower solid lines show the statistical error and the dotted-dashed ones the total error, the systematic being added in quadrature. Courtesy of [39] .
to the continuum limit for the eight averaged Λ R -values and the quark mass m R = 12.9 MeV and of the GMOR shown in Fig. 3 . It should be emphasized that without any assumption about the existence of spontaneous symmetry breaking the left diagram of Fig. 3 shows that for sufficiently small quark masses m R the density of near-zero modes is finite and to a large extend independent of the boundary Λ R of the averaging region. The right diagram of Fig. 3 shows that the spectral density of the Dirac operator in the continuum is non-zero at the origin and that its value agrees with the slope of M 2 π F 2 π /2 with respect to the quark mass when both are extrapolated to the chiral limit. If expanded in m, M 2 π is dominated by the leading (GMOR) term proportional to the chiral condensate. The ratio M 2 π /2m is nearly constant within errors up to quark masses that are about one order of magnitude larger than in Nature.
The chiral limit, on the other hand, requires an assumption on how ρ R (Λ R , m R ) behaves for m R → 0. A corresponding framework is given by chiral perturbation theory (χPT). χPT is an effective theory based on the spontaneous breaking of chiral symmetry and a soft explicit breaking by quark-mass terms. χPT predicts in next to leading order ρ R to be Λ R -independent [39] . By different fits inspired from χPT Ref. [39] extrapolates ρ R (Λ R , m R ) to the chiral and the continuum limit, see Fig. 4 , and finds for the chiral condensate values of Σ 1/3 =261(6) MeV, 253(9) MeV and by fitting the data in all three directions Λ R , m R and a at the same time 259(6) MeV. These results are in good agreement with earlier investigations in quenched lattice QCD with exact chiral symmetry [43] , where a chiral condensate of Σ 1/3 =250(3) MeV in the MS-scheme at the renormalization scale 2 GeV was determined.
After this detailed discussion of a lattice determination of the chiral condensate Σ we would like to present as a result of the recent compilation [44] the estimates of the N f = 2 and N f = 2+1 condensates in the MS-scheme at the renormalization scale 2 GeV N f = 2 : Σ 1/3 = 266(10) MeV Refs. [36, 39, 45] ,
Refs. [46] [47] [48] [49] .
(7.7)
The errors include both statistical and systematic uncertainties. More recently, the authors of [50] compute the chiral condensate in 2+1-flavor QCD through the spectrum of low-lying eigenmodes of Dirac operator. The number of eigenvalues of the Dirac operator is evaluated using a stochastic method with an eigenvalue filtering technique on the background gauge configurations generated by lattice QCD simulations including the effects of dynamical up, down and strange quarks described by the Möbius domain-wall fermion formulation. The spectrum shape and its dependence on the sea quark masses calculated in numerical simulations are consistent with the expectation from oneloop chiral perturbation theory. After taking the chiral and continuum limits using the data at three lattice spacings ranging 0.080 − 0.045 fm, they obtain Σ 1/3 = 270(4.9)MeV, with the error combining statistical and various sources of systematic errors. Finite volume effects are confirmed to be under control by a direct comparison of the results from two different volumes at the lightest available sea quarks corresponding to 230 MeV pions. JLQCD and TWQCD Collaborations [51, 52] find slightly lower values for the chiral condensate using lattice QCD, chiral Random Matrix Theory and chiral perturbation theory with N f = 2, 2+1 and 3.
In the last few years, the Yang-Mills gradient flow was shown to be an attractive tool for non-perturbative studies of non-Abelian gauge theories. In view of its renormalization properties [53, 54] , and since its application in lattice gauge theory is technically straightforward, the gradient or Wilson flow allows the dynamics of non-Abelian gauge theories to be probed in many interesting ways. The flow can be used for accurate scale setting, for example, and it provides an understanding of how exactly the topological (instanton) sectors emerge in the continuum limit of lattice QCD [53] . Moreover, observables at positive flow time are natural quantities to consider for non-perturbative renormalization and step scaling [55] [56] [57] [58] . Matter fields may or may not be included in the flow equations. A fairly trivial extension of the flow to the quark fields in QCD is achieved, by leaving the flow equation for the gauge field unchanged, while the evolution of the quark fields as a function of the flow time is determined by a gauge-covariant heat equation. Ref. [59] gives an excellent introduction and overview of the gradient flow in QCD and illustrates two applications of the extended flow with respect to chiral symmetry, one being a new strategy for the calculation of the axial-current renormalization constant in lattice QCD and the other a computation of the chiral condensate essentially through the evaluation of the expectation value of the scalar quark density at positive flow time. In both cases, the method is technically attractive, the chiral condensate, for example, is easily obtained with high precision, because no additive renormalization is required.
8.
Towards a mechanism of chiral symmetry breaking Quantum chromodynamics (QCD) at low energies is dominated by the non-perturbative phenomena of quark confinement and (spontaneous) chiral symmetry breaking (χSB). A rigorous treatment of them is only possible in the lattice regularization and the interplay between χSB and confinement as well as the chiral and deconfinement phase transitions at finite temperature and density are of continuous interests [29, [60] [61] [62] [63] [64] [65] [66] [67] .
The origin of χSB may be described as an analog to magnetization. Its strength is measured by the fermion (chiral) condensate in Eq. (6.12), which is an order parameter for χSB. It is a vacuum condensate of bilinear expressions involving the quarks in the QCD vacuum. The trivial, perturbative vacuum is the field configuration with lowest action. The path integral formulation of quantum field theories underlines the importance of entropy. Due to the entropy contribution the QCD vacuum is non-trivial, dominated by quantum fluctuations, leading to the prominent non-perturbative phenomena, confinement and chiral symmetry breaking.
The entropy may be enhanced due to additional minima of the action and due to symmetries. There is an infinite number of vacua of QCD, characterized by an integer winding number. Instantons and antiinstantons, transitions between vacua with neighboring winding numbers, are relative minima of the action. They inspire the instanton picture of the QCD vacuum [68] [69] [70] [71] . On the lattice we identify another symmetry of the action, center symmetry. It is the basis for the appearance of percolating quantized magnetic flux, center vortices, forming surfaces in four-dimensional space [61, [72] [73] [74] [75] [76] . Independent piercings of Wilson loops by vortices lead to a confining string tension with a strength depending on their density which is determined by the coupling constant [77] [78] [79] [80] [81] [82] [83] . This density defines a length scale for the quantum theory and breaks the scale symmetry explicitly, it is anomalous. Vortices may have a topological non-trivial color structure. Abelian projection of colorful vortices defines Abelian magnetic monopoles on vortices, supporting the monopole picture of confinement. Intersections, writhing points and color structure lead to lumps of topological charge and relate the vortex and the instanton picture of the QCD-vacuum . The Atiyah-Singer index theorem connects the total topological charge of gluonic field configurations with the number of zero modes, which induce the U (1) A -anomaly. Interacting lumps of topological charge lead to low-lying Dirac modes which via the Banks-Casher relation determine the strength of SBχS. Hence field configurations with lumps of topological charge increase the density of low-lying Dirac eigenmodes with pronounced local chiral properties producing a finite chiral condensate. This is a "kinematical" scenario for SBχS. Let us try to conjecture a "dynamical" picture: The low momentum modes of quark fields change chirality, when they enter a combination of parallel color electric and magnetic fields, present in regions of non-vanishing topological charge density. Such fields force slow color charges into spiraling paths changing their momentum and conserving their spin. Fast moving charges are less influenced by such field combinations. This could explain the importance of low-lying Dirac modes for SBχS and clarify why Goldstone bosons do not survive the removal of low-lying Dirac modes and heavy hadrons with increasing removal tend to increase their masses.
There are many unsolved interesting problems concerning the vacuum structure of QCD, confinement and chiral symmetry breaking. Some of the most interesting questions for future work to generate progress in this field are as follows:
• Do chirally polarized low-energy modes condense? What is the physical origin of the band width Λ ch of condensing modes?
• Does the result that fermionic zero modes and chirality are localized on structures with fractal dimension D = 2 − 3 favor the vortex/domain-wall nature of the localization?
• Which kind of effective quark-gluon interactions are generated by dynamical χSB? Will this include a scalar confining force?
• Why do Goldstone bosons not survive the removal of low-lying Dirac modes?
• What is the relative contribution of the various interacting topological objects to the Dirac operator's density of modes around zero virtuality?
• Do low-momentum modes change chirality in regions of non-vanishing topological charge density with electric and magnetic fields present and thus dynamically break chiral symmetry?
• Can one construct an explicit quantum state responsible for a dissipation-free flow of an electric current along an external magnetic field (chiral magnetic effect)?
An answer to these questions may hold the key to understand infrared QCD and the related phenomena, most prominently, confinement and dynamical χSB.
Conclusions
We reviewed the most prominent non-perturbative features of QCD, in particular the various aspects of chiral symmetry breaking (χSB): i) the dynamical χSB that leads to the pions being light pseudo-Goldstone bosons; ii) the anomaly, which eliminates the flavor-singlet axial U(1) symmetry and prevents the η -meson with a mass of order ΛQCD to be a Goldstone boson; iii) the explicit symmetry breaking from the quark masses, responsible for the pseudo-scalar mesons not being exactly massless. We presented numerical evidence for χSB and discussed its restoration at finite temperature and density. The understanding of the mechanisms goes well beyond perturbation theory and a rigorous treatment of them is presently only possible in the lattice regularization. For a more detailed review see [104] .
